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Genuine-multipartite-entanglement (GME) concurrence is a measure of genuine multipartite en- 
tanglement that generalizes the well-known notion of concurrence. We define an observable for 
GME concurrence. The observable permits us to avoid full state tomography and leads to different 
analytic lower bounds. By means of explicit examples we show that entanglement criteria based on 
the bounds have a better performance with respect to the known methods. 

PACS numbers: 



I. INTRODUCTION 

Entanglement plays a fundamental role in the study of many-body quantum mechanics. Complex systems with 
multipartite quantum correlations have been shown to be useful in numerous tasks, ranging from measurement based 
quantum computing quantum secret sharing [2|, quantum communication etc. Compared with the bipartite 
case, multipartite entanglement is well-known to exhibit richer structures and a variety of classes (see, e.g., [1, Q)- 
Being substantially different from partial entanglement [i.e., entanglement specified by correlations between any 
two subsystems), the so-called genuine multipartite entanglement (for short, GME) is of special interest. Although 
many efforts have been devoted towards the detection of GME {e.g., entanglement witnesses @, Bell-like inequalities 
Q, etc.), its characterization still remains a difficult problem Q. On the other hand, the quantitative aspects are 
important because these are justified by the experimental perspective 19j. 

While the three-tangle is a famous measure of GME for three qubits [io|, no such a concept is currently available 



for systems of higher dimension. Recently, a notion of generalized concurrence, called GME- concurrence IjJ, was 
introduced in the attempt of distinguishing between GME and partial entanglement. In the present paper, we first 
point out that GME concurrence of pure states may be directly accessible in laboratory experiments {i.e., no full state 
tomography is needed) provided that a two-fold copy of the state is available. Then, we present some explicit lower 
bounds. We illustrate detailed examples in which the given bounds perform better when compared with other known 
detection criteria. The evaluation of the bounds permit to bypass full quantum tomography, since we only need a 
pol ynomial number (on the system's dimension) of expectation values. The results appear to be an improvement over 

The remainder of the paper is organized as follows. In Section 2, we recall the definition and the basic properties 
of GME-concurrence. In Section 3, we show that GME-concurrence is an observable measure. In Section 4, we state 
and prove the bounds. Section 5 is devoted to examples. Section 6 contains some brief conclusions. 



II. GME-CONCURRENCE 



An TV-partite pure state \(f)) with Hilbert space T-Li (8)^2 ® ■ ■ ■ ®T-Ln is said to be biseparable if there is a bipartition 
7I7 such that can be decomposed as a tensor product Icj^^^y) — \<j)j) ® l'/'-^')- If iV-partite pure state is not 
biseparable then it is said to be genuinely N -partite entangled. The same terms apply to an A^-partite mixed state p, if 
it can (resp. it can not) be written as a convex combination of biseparable pure states p — YlPi\4'j \j'){'t>j \j' li where 
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each component \4>^.\^^') is biseparable (possibly under different partitions). Given an A'^-partite pure state let 

7 = {ji, j2, ■•■,ifc} C {1,2, ...,-/V} be a subset inducing a bipartition ji, j2, ■ • . , jfebfc+i, ---Jn- If (^^(0) := 1 -rr(p^), 
where p-y is the reduced density matrix of the subsystem indexed by 7, the GME-concurrence (of a pure state) is 

Cgme{<I>) ■■= ^mmC2 (</)). 

For example, let us consider a three-qubit state \(f>). In this case, we have 7 = {!}, 7 = {2} or 7 = {3}, corresponding 
to the partitions 1|2,3, 2|1,3, and 3|1,2, respectively. Its GME-concurrence is then 

CSa/b('^) = , mm {1 - Tripf), 1 - Tr{pl), 1 - Tripj)}. 

7={1},{2},{3} 

More generally, the GME-concurrence of an iV-partite mixed state p is 

Cgme{p) mm^PiCGME{<l>i), (1) 

■i 

where the minimum is taken over all pure states decompositions p — '^iPi\4>i){(t>i\- It is worth recalling that GME- 
concurrence satisfies the following useful properties (TTj : 

Ml. The GME-concurrence is zero for all biseparable states; 

M2. The GME-concurrence is strictly greater than zero for all GME states; 

M3. (Convexity) CcMEiJ^iPiPi) < J^iPi^GMEiPi); 

M4. (Non-increasing under LOCC) Cgme{J^locc{p)) < Cgme{p); 

M5. (Invariance under local unitary transformations) Cgm E{UiocaipU^^^^i) — Cgme{p)', 

M6. (Subadditivity) Cgme{p <S) a) < Cgme{p) + CgmeW)- 

III. GME-CONCURRENCE OF PURE STATES IS OBSERVABLE 

In this section, we describe an observable for GME-concurrence of pure states. More specifically, GME-concurrence 
for pure state can be measured directly, provided that two copies of the state are available. Notice that our approach 
is quite different from that of [l2l |. in particular, we do not use symmetric and antisymmetric projections subspace. As 
above, let \(j)) be an iV-partite pure state with Hilbert space 'Hi®%2®---®'-Hni of respective dimensions di,d2, ■■■,dN- 
We can write 

X! '/'»i»2-ijvl«i«2 • • -ijv), (2) 

ii,i2,...,iiv 

where ij is the z-th element of an orthonormal basis of Hj, with j = 1, ...,N. Given a subset 7 = {^1,^2, ■■■,tk} C 
{1, 2, N}, the 7-concurrence of p can be written as C^{(l)) = {(f>\ <8) ((/)|i?7 10) ® The observable is independent 
of and it is uniquely determined by the partition induced by 7. The definition of requires some preparation. 
Let 7 = {ti,t2, ...,tfc}. Let 

I {ji,---,jk}li {jk+i,jk+2,---,jN} and J' :={ji,...,ifc}U{jfc+i>Jfc+2'---'J7v} 

be two arbitrary index sets such that ji, j - = 0, — 1, with ti = 1, A^. Here, {ji, jfc} and j^} indicate 

the same positions as the ones indexed by 7. For instance, for a three-qubit state, if 7 = {2} then {ji, jk} and 
jXI indicate elements in the second subsystem 7^2- We then define two further index subsets, 

:= and ^ := 

These subsets are obtained from /, J' and the partition 7. We also define the complements 

A^7 — {ifc+i,ifc+2, jjv} and J'\J!^ := {jX+i, ifc+2, iwl- 

Finally, we have the following two index sets obtained by swapping the elements in the positions corresponding to the 
ones indexed by 7: /' := J' U /\/^ and 
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J := u j'\ j;. 

Once / and J' are arbitrarily fixed, then /' and J are uniquely determined by 7. With the use of this notation, we 



can finally write 

C^(</.) = 1-Tr(p2)= I 



r«l»2---»Nr»l«2---»N 

ll,l2,...,lN 



JL, I\Iy J'\Ji, 

i,j' I, J' 

= - (l>i'4>j){4>i4>j' - 4>i'4>j) 

I, J' 

= Y.\^h<t>j'-h'^j)\\ 
i,j' 

where the sum is taken over all possible index sets / and J'. The observable is 

Bj= ^ |iii2 • • • ijv) O |h«2 • • • ijv) 

ii,i2,...,iN 
ii ,12, 

It follows that 

C^{ci>) = Y\{ct>ict>j, - ct>pcl>j)\^ = ((/.I ® {^\B^\^) ® |(/.), 
which gives a general expression for the GME-concurrence of a pure state: 
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I,J,I',J' 
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For example, let 

1"?^) = E 'l^ijkl'ijk) (3) 
i,j,fee{o,i} 

be a generic three-qubit pure state. If 7 = {1} then 

CUct>) = {^\^{^\Bi\cly)^\4>) 

= 2(|(/>ooo'/>ioi - 0ioo'/>ooiP + |?i'ooo'/>iio - ?5'ioo'/>oior 

+ |'/>OOO0111 - '/'lOO^OllP 

+ |</>OO1011O - (l>Wl4'0wf + |'/>OO10111 - '/>lO10Oll|^ 

+ |<?i'oio0iii - (/'iio^oiiP), 



and the observable is 



i,j,fce{0,l} i,j,fe£{0,l} 

-EE Enj^i^'-?'^)E<^j'^i^'j'^i- 



iG{0,l} i'e{0,l} j,k j,k 

The observables S2 and are obtained analogously. 
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IV. LOWER BOUNDS 
A. Statement of the results 

Let IV') = \xi) = \xiX2 - ■ ■ xn) be a product state with Hilbert space H = 'Hi®'H2® ■■■ ® ^-n- Let 

\'4>i) = \xiX2 ■ ■ ■ Xi-\x\xi+\ ■ ■ ■ xn) and \tpj) = \x1X2 ■ ■ ■ Xj^ix'jXj+i ■ ■ ■ xn) be the product states obtained from by 
applying (independently) local unitarics to \xi) ^Hi and \xj) G "Hj, respectively. Let Y^ij) '■= be a product 

state on "H*^^ = ("Hi ®'H2® ■ ■ ■ ® 'Hn)'^'^- Let us define n = T^i o o • • • o 'Pni where Vi is the operator swapping the 
two copies of "Hi in 'H®'^, for each i = 1, A''. Finally, let p be an arbitrary state in the total Hilbert space H. We 
will prove the following statements: 

Boundl. By writing 

- E \/{'^ij\'P}p^"Pi\%j) (4) 
-{N-2) E \/{^ii\-P}p^'Vi\^u), 

l<i<N 

we have 

T{p,4>)<V2{N-l)-CGMEip). (5) 

Bound2. For any given \ijj),'we can get ijji = \xi ■ ■ ■ Xi-ix[xi+i ■ ■ ■ Xj^iXjXj+i ■ ■ ■ xn) by changing the i th bit of 
|V'),Let \'4)ij) = \xi - ■ -Xi-ix^Xi+i ■ ■ -Xj-ix'^Xj+i ■ ■ -xn) by changing the jth bit of Vi), and ^iii^ := IViJIV'i™) be 
defined as above, but obtained by the application of two local unitaries. By writing 

£(p,Vi)= E VW^ZJ^^m^ 

-(iV-3)EV(*niJ^/p®'^d*m,), 

we have 

E C{p,^i) <2VW^-Cgme{p). (6) 

l<i<JV 

Bounds. Let V = {|xi)i •••5 IXm)} be a set of product states in H. Then 

r{p,x)= E E (\ixa\p\x^}\ 

- V^(X«| <^ (X/3|na/3P®2n„^|xa) ® IX/3)) 

- (s - So)E^^"l^l^") 

a 

< \/2s-Cgmj5(p), (7) 

where 

Ka = ilXp) ■■ WXa) n 1X^)1 = - 2 with IXa), IX/s) € F}, 

and s = max.\Ka\. Additionally, 

So = min s„ 

l<i<N 
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where Sa,i is the number of the vectors in Ka such that the z-th bits of Va are different when Ka ^ 0. We denote by 
\\va) n the number of coordinates that are equal in both vectors. swaps one different bit of \xa) and |x^)- 

The definition of the witness in Bound 1 appeared in [3 ■ When m = 2 and = 4 the bound in Eq. (|6]) is the 
same as the criterion given in [l5||. However, this is not always the case, as we shall verify below. 

B. Proof 

1. Bound 1 

We start with a three-qubit state to get an intuition for the general case that we shall discuss later. We are interested 
in bounding the GME concurrence of an arbitrary three-qubit state p = '^iPi4>^^\ with pure state decomposition 
{pi, (/)'■'•'}. We select a product state = |001). If we apply the bit flip operation to the i-th qubit, we have 
IV'i) = |101), \ip2) = |011), and IV-s) |000). The bound given in Eq. © is 

= 2(|p4,6| + |pi,4| + \pifi\ - VP2,2P8,8 

- - P4,4 - P6,6 < • CGAf_E(p). (8) 

For proving this, let us consider the pure state \(j>) as in Eq. ([3]). With the use of the Cauchy-Schwarz and the triangle 
inequality, we obtain Ci{(j)), for i = 1, 2, 3: 

V2Ci{(t)) > (|(/>oii0ioi| - |0ooi0iii| + I'/'ooo'/'ioil - |0ooi</'ioo|) 

V2C2((/)) > (|(/)OOO0Oll| - l^ooi'/'oiol + I'/'Oll'/'lOll ~ I^OOl'/'lllI) 

V2C3((/>) > (It/iooo^oiil - |0ooi0oio| + I'/'ooo'/'ioil - |0ooi0ioo|) 

By the same step, 

= 2(|(/)oii0ioi| - |'/>ooi0iii| + |0ooo0oii| 
- I'/'ooi'/'oiol + I'/'ooo'/'ioil - \(t>oai4>wo\) 
-(|'/'oooP + |0oiiP + 10101 n 
<2V2mm{C,{^),C2{cf>),Csm- 

This confirms the statement in Eq. ([5]), when restricted to pure states. If p is a mixed state, the convex roof 
construction is bounded as 

2V2Cgme{p)> inf 

where is any pure state decomposition of p. Having chosen \^) = |001), we obtain Eq. ([S]). Since Cgme{p) 

is invariant under local unitaries, for any choice of a product state T{p,ip) is a lower bound to Cgme{p) leading 
to Cgme{p) > ^J^{p,ip). This concludes the proof for the three-qubit case. 

We are now ready to prove the inequality for a general A^-qudit state. Some notation is needed: 



Co 


■~ Xl ■ 




iXiXi^l 


■ xn; 




Ci 


:= Xl ■ 


• Xi— 


iX^Xi+i ■ 


■ xn; 




Cj 


:= Xl ■ 


■Xj- 


-ix'jXj + l ■ 


■ ■ xn; 




Cij 


:= Xl ■ 


X{— 


ix[xi^i ■ 


■ Xj — iXjXj^i 


■ Xn 



when i < j, we use c^ ; otherwise, we use cji. 

Again, since Cgme{p) is invariant under local unitaries, we only need to consider the integers Q < Xi < di ~ \, for 
i = 1,2, N. For the generic A^-qudit pure state |0) in Eq. ([5]), the bound in Eq. ^ reads as 

^(0,7A)= i\^M''\^co(l^cJ)-iN-2) 

l<i^j<N l<i<N 



There are two cases depending on the biseparable partition 7: 
Case 1. For any given 7 C {1, 2, ...N} with |{7}| = 1, 



]j 3^7 

It is convenient to interpret tjj) as a sum of two terms: 

J-(<^,V)=^(|0c,</'cJ-|</'co0c,,|) 

+ E (l'^c.0c,|-|</'co</'c.,|)-(A^-2) E I'^cj' 
i5^7,j5^7 l<i<JV 

= x + y, 



where 



j¥7 j¥7 



and 



^= E (l'/'c.'Ac,|-|</'co0c„|)-(A^-2) E 

.j^^ l<.i<.N 



< E -(^-2) E I 

i^'Yj^'Y l<i<N 



|2 



= (iV-2) E l'/'c.|'-(A^-2) E l-^c. 
= 0. 



l<i<N l<i<N 



Hence, 



< ^^min ^2^/iN^-C^{4>). 
Case 2. For any given 7 = {ji, j2, jfe} C {1, 2, ...Ai'}, with fc > 2, 

2y(F:no-C7(<^) 

> 2^/{N - k)k ■ Cj{(f)) 



2^/{N -k)k, 



\ E E I'^^^i'^^^ 



l<t<fc 



fe 

-E E I0c,,0c,| - |0co<^c,-,,, 



As in the previous case, 
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'=1 J#Jt:l<t<fc 
+ E (I'^c.0c,|-|0co0c,,l) 

= X + Y, 

where X is the summand with i = ji and j ^ jt or j ~ ji and i ^ jt (1 < ^ 5: ^ and i = 1,2, k); Y is the 
summand with i ^ ji and j ^ ji or i = = jt- Then, 



^ = E E I - I'^-o^c,,, I) < 2^/{N^) ■ C,{c^) 

1=1 j^jt-l<t<k 



and 



i9^jt,J9^jt:l<t<k l^t 

- ^ 2 



(TV -2) ^10, 



< (TV - A: - 1) ^ (!</.,. n + (fc _ 1) ^(10^^^ p) _ (TV - 2) ^ |<^ej 

i^jt:l<t<k I i 

<(iV-2)5]|0,j2_(^„2)^|0,j2 



= 0. 



Combining together the two cases above, we conclude that 



J-(0, ^) < min2V(TV-l) • C^(</') = 2 V(^V^ • Cgme{4>)- 

7 

This ends the proof of the resuh stated in Eq. ([5]) . The bound for mixed stated is given directly by the convexity 
of the GME concurrence (property M3 in Section 1) as follows. The bounds in Eqs. (jB)) and Eq. ([7]) can be easily 
obtained in analogous way, as it will be detailed in the next subsections. 
Let 



Co := 


Xl ■ 




iXiXi^l 


■ xn; 


a := 


Xl ■ 


Xi— 


ix'iXi+i ■ 


■ Xn; 




Xl ■ 


■ Xj- 


-ix'jXj + i ■ 


■ - Xn; 


Cij :— 


Xl ■ 


Xi~ 


ix'iXi+i ■ 


• Xj — lXjXj-\.\ 


we use 


Cji. 









Let p = '^tkp^'^^ be the optimal decomposition of p for the GME-concurrence, i.e, Cgme{p) = ^tk ■ Cgme{p'^^^)^ 

i k 

then 



E l^c.,c,|- VP''o.coPc,,,c,, -{N -2) pc^^c. 



l<i<N 



E 

l<i^j<N 



- E jE^^/'--E*'=^^S..-(A^-2) E E^'^ 

^<i¥'0<N \ k k 



p{k) 

rci ,Ci 



l<i<N k 
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For the first term, 



E 



k 



k l<i¥'j<N 



For the second term, 



/v^ , (fc) \ ^ , (fc) _ / \ ^ T (ki) (M) ^ , / (fc) / (fc) 

. IfcilfcsPco.coP )C0 y r ,Cij 



fel ,fe2 



Therefore 



E ,nZikpfJ,co^tkP^cil,cij> ^ E V V ^^tlc., = E E V pco!co v Pctlcy 

i<i¥=j<N \ k k ^<i¥'3<N k k ^<i¥'3<N 



Finally, for the third term, 



E E^^^ltl-E*^ E 



(fc) 

rCi.Ci 



l<i<N k k l<i<N 

Putting everything together, we obtain the bound in the statement: 



k l<i¥'j<N k i<i^j<N k l<i<N 



= E^^( E \p^c^- E V^Vi^-(^-2) E p^cj 

k l<i^j<N l<i^j<N l<i<N 

< 2v'(iV-l)^tfc • Cgme{p^''^) = 2^{N-1)-Cgme{p) 

k 

2. Bound 2 

As we have already done above, we start with a warm-up case. It will be a four-qubit state. For a four-qubit state, 
\ip) = |0000), we obtain = |1000), IV'2) = |0100), IV'3) = |0010), and 1^4) = |0001). We shall prove that 

£{p, V'l) + C{p, ^2) + C{p, V3) + C{p, 1/^4) < 2\/2 • Cgme{p), 

where 

'^(P)V'l) = 2(|pi04i| + IP1043I + IPII.IsI - -v/'^9,9Pl2,12 - VP9,9P14,14 - V^S.gPlS.ls) " (|PlO,lo| + |Pll,ll| + IPiS.IsI) 

= Lii + L12 — Lis; 

^{P^i^l) = 2(|P6,7| + |P6,13| + |P7,13| - VP5,5P8,8 " V/^5,5Pl4,14 " i/PS.SPlS.ls) " (|P6,6| + |P7,7| + |Pl3,13|) 
= 1^21 + -^22 — -^23 ; 

'^(PjV's) = 2(|p4.7| + |P4,ll| + |P7,ll| - \/P3,3P8,8 - \/'^3,3Pl2,12 - VP3,3P15,15) - (|P4,4| + |P7,7| + |Pll,ll|) 
= i^31 + -^32 — 

C{p,tp4) = 2(|p4,6| + |P4,10| + |P6,lo| - V/^2,2P8,8 " V/^2,2Pl2,12 - V/'2,2Pl4,14) - (|P4,4| + |P6,6| + |PlO,lo|) 
= L41 + L42 — 

where Lij{l < z < 4, 1 < j < 3) depend on the partition. Each Lij is given in Appendix A. When p is a pure state, 
that is p = \(f>){<p\, for Ci{(p), we have the following: 
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-t'21 


— 


2(|(Aoioi'?f>iioo 


+ |0oiio?!'iioo 


- |?!'oioo</' 


'1101 


1 - \4>0100<, 


^iiiol) 


L22 


= 


(2|^oioi'/>oiio| 


— 2|0oioo?!'oiii 


- k'oioi 


1 ^ 


|0oiio| ); 




L23 


= 


I'/'iiooP; 












L31 


= 


2( '/'ooii'/'ioio 


+ 0oiiofi'ioio 


- 0OO1O<^ 


'1011 


1 - I'/'OOlO'i 


'!'iiio ) 


L32 




(2|(/)ooii'/>oiio 


— 2|0ooio0oiii 


- '/'OOll 


p- 


|0oiio|^); 




L33 




|'/>ioioP; 












L41 




2(|<?i>ooii'^iooi 


+ k^oioi?!'iooi 


- k^oooi?!' 


'1011 


- k^'oooi-; 


^llOll) 


L42 




(2|(^ooii<?f>oioi| 


— 2|0oooi?!'oiii 


1 - l-^OOll 


|2 _ 


|?!'oioi|^); 




L43 




|';^iooi|^- 













It is obvious that 1.22,-^32,-^42 < 0, L21 + -^31 + -^41 < 2\/2Ci(p), and C{(f>, i/ji) - |0iooi|^ - l^ioioP - |<Aiioo|^ < 0. 
Hence, 

£(<^, Vi) + ^2) + V'3) + -C(</., V4) < 2\/2Ci (0). 
The same holds for C2{^), C3{(j)), C4 Ci2(0), Ci3(^), and Ci4(^). As a consequence, for a pure state, 

£{(!>, v-i) + /:(</>, V'2) + £(0, V'3) + /:((/>, ^-4) 

< 2x/2 min{Ci (.^) , C2 (<^) , C3 (0) , C4 {(l>) , C12 (0) , C13 (<^) , C14 (.^)} 
= 2V2Cgme{<I>). 
If p is a mixed state, the convex roof construction is bounded as 

2V2Cgme{p)> inf Vpi(/:((/>i,Vi) ^2) ^3) V'4)), 
{pi,\4>i)} ^ 

where {pi, 0^*^} is any pure state decomposition of p. Since Cgme{p) is invariant under local unitaries, for any choice 
of a product state \'4)i), jC{p,tpi) is a lower bound to Cgme{p) leading to 2^/2Cgme{p) > {jC{p,ijji) V'2) + 

C{p,tpz) + '^(p, V'4))- This concludes the proof for the four-qubit case. 
We are now ready to prove the inequality for a general A/'-qubit state. If 

Cjj/c ■■= xi-- ■ Xi-ix'iXt+i ■ ■ ■ Xj-ix'jXj+i ■ ■ ■ Xk-ix'^.Xk+1 ■■■xn 

then 

£(0,VcJ= E 2(|</>,,,</>,,,|-|<^,„,^e.,J)-(A^-3) J2 l<^c..-l'- 

There are again two cases in close analogy with the previus part. 
Case 1. For any given 7 C {1,2, ...N} with |{7}| = 1, 

Now, 

-(TV -3) E l'/'cj'-(A^-3)|</)e,J^ 

l<i<Af,i#i,i/7 
= ill + Z/i2 — Li3, 
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where 



Thus, 



Li2= Yl 2(|<^e.,<^c..|-|</'c>c.,,|)-(A^-3) Yl 

< E {\<i^cj + \<t>cj^)-{N-z) E M 

= {N-3) E l0c,,p-(A^-3) E l'^c,,P<0; 

U3 = iN-3Me.S. 



E iii < 2\/2(7gmb(p), 

l<i<N,i^f 

Li2 < 0, for 1 < i < AT, 



and 



So, for pure states. 



£((/., Vi) + /:(<^, V2) + /:(<^, V'3) + /:(<^, V'4) < 2y2niin{Ci(0), C2(<^), Cs{(t>), C4(t>), Ci2(</>), Ci3(0), Ci4(<^)} 

= 2V2C7gmb(<^). 

Case 2. For any given 7 = {^1,^2, -Jk} C {1, 2, ...iV}, with k > 2, 
2y/N^ ■ Cjicp) > 2y/N - 2) • C^{(f)) 



= 2y/N^, 



k 



As in the previous case, 

k 



/;(0,V,) = E E (l'^c.,<^c.,J-|</'c.'/>c.,,J)+ E (I0c.>c.,|-|0c.^c.,j) 

+ E(l<^c.,, -/-c,,, I - |.^c..^c.,„, I) - (A^ - 3) E l-^c,, I' 
l^l l<j<N,j^i 

= Lii + Li2, 

where X is the summand with i = ji and j ^ jt or j = ji and i ^ jt {1 < t < k); Y is the summand with i 7^ jj and 
i 7^ jl {I = 1, 2, fc) or i = ji,j = jt. Then, 

k 

-^ii = E E (I ^'^'^i I - 1 (^^ci,-,-, I ) 

'=1 j^Jt-l<t<k 
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and 

Li2 = 5Z {\(t>Cu^CiJ I - I^Ci^Cy, I) + ^il^CiJ, (t>CiJ^ I - \(t>Ci^Ci-i,:i^ I) 

-(TV -3) Yl I'^^J' 

T^<j<N,jjti 

<{N-k-l) (I<^c.j') + (fc-2)^(|</,,,j2) 

i=ts:l<t<k I 
<(7V-3)^|</)e.r-(iV-3)5]|<^e.P 

= 0. 

For an n-qubit state, 

V £(0, Vi) < 2ViV^min{C^ ((/.)} = 2 ViV^CcMB (</>)• 
l<i<Ar 



5. Bound 3 



Let y = {|xi), 1X4)} be a set of product states in H,where |xi) = |0011), |x2) = |0101), Ixa) = |0110), and 
1X4) = 11010). Let = {|X2), 1X3), 1X4)}, K2 = {|xi), Ixs)}, ^3 = {|Xi), IX2), 1X4)}, and K4 = {|xi), Ixs)}- Here, 
s = 3. Details of the next steps are in Appendix B. If p is a pure state, p = \(j)){(f>\, we can prove that Bound 3 
is T{p,x) < 3\/2 • Cgme{p)- For any given 7 C {1,2,...A^} such that |{7}| = 1, take, e.g., 7 = {1}, i.e., the case 
Ci{p). Let T{p,x) = X -\- Y . The sum giving X involves terms \xa) and jx/?) that are different in cjubit 1: on the 
other hand, the terms of Y are the states \xa) and \xij) that are different in the other qubits, except qubit 1. This is 
X < 3V2Ci(p) and r < (see Appendix B.l). So r(p,x) ^ X + Y < 3V2Ci(p). We can use the same process to 
get Tip, x)=X + Y< 3V2C2{p), T{p, x) = X + Y< 3v^C3(p), and Tip, x) = X + Y< SV^Ciip). 

Now if |{7}| = 2, take 7 = {1,2} as the example, i.e., Ci2(p). Again, let T{p,x) = X + F.The sum giving X 
involves terms |xa) and jx/s) that are different in only one of the 7 qubits; the terms of Y are defined analogously to the 
previous case. Hence, X < 3-\/2Ci2(p) and Y <0 (see Appendix B.2). We obtain T{p,x) = X + Y < 3\/2Ci2(p), and, 
by the same process, T(p,x) = X + Y < SV^CM, T{p, x)=X + Y< 3V2Cu{p), and T{p, x) < 3V2Cgme{p). 

For a mixed state p, the bound is given by using the convex roof construction. For the general case, the sum giving 
T(p, x) simplifies because only two qubits of \xa) and Ix/s) are different. For any given 7 C {1,2,...A^}, T{p,x) can 
be subdivided into two addends, which we will denote by X and Y. If |{7}| = 1, the sum giving X involves terms 
IXa) and Ix/s) that are different in the 7 qubit; on the other hand, the terms of Y are the states \xa) and X/?) that 
are different in the other qubits except for the 7 qubit; the case |{7}| > 1 is an easy generalization. From this. 



and 

I O (x/3|H„;3P®^H„^|xc«) O IX/3)) - (s - So) 

IXc.>ev B a 

When p is a pure state, p = |(/')(0|, if \Xa) and lx/3) are different in the 7 qubit only, the value KXa|p|X/3) ~ 
\/ {Xa \ ® (x^|Ha/3p'^^Ha/3|xa) ® |x^j)l is ouc of the tcrms of C-y{p) and the maximum number of terms in X is less 
than 2s^; when all states in K^, belong to A for any Xa € ^, and for any a, \Ka\ — s, the maximum number of 
terms in X is 2(s + s — 1 + -- - + 1) = s{s + 1) < 2s^. So, X < ^/2sC^{p). Concerning Y, for every \xa) in V, the 
maximum number of terms in the sum is s — Sq. For any a, the maximum number of the terms |(Xa|p|X/3)| is s, but 
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the minimum number of terms KXqIpIX/?)! in ^ is sq, and so the maximum number of terms in y is s — sq. Hence, 
y < and X + Y < ^/2sCj{p). For a mixed state p, the convex roof construction is bounded as 



V2sCgme{p)> inf V'piT((/)i, -0), 



where {p^ , } is any pure state decomposition of p. Consequently we can get the desired result that T(p, x) ^ 
V^sCcMEip)- 

V. EXAMPLES 

In this section, we illustrate our main result with some explicit examples. The first one is useful to clarify the 
bounds: 

Example V.l Given ^ |0000), we obtain = |1000), |02) |0100), l^fig) = |0010), and |04> = |0001), by 
applying the bit flip operation. The bound in Eq. ^ is C{p, (pi) + C{p, (j)2) + C{p, ^s) + (/)4) < 2\/2 • Cgme{p), 
where 

-^(P; 0l) = 2(1/310, 111 + IP1043I + |Pll,13| - V/'9.9/°12,12 " ^/P9^^PuJA ~- y/ P9,9Pl5,15) - (PlO.lO + + PlS.ls); 

02) = 2(|p6,7l + IPe.lsl + |P7,13l - VP5,5P8,8 " VP5,5/314,14 - VP5,5P15,15) - {P6fi + Pi ,7 + PlS.ls); 
'C(yO, 03) = 2(|/94,7| + |P4,ll| + |P7,ll| " y/P3,3P8,8 " VP3,3/312,12 - VP3,3P15,15) - (P4,4 + P7,7 + Pll,ll); 
C{p, 04) = 2(|p4,6| + |P4,lo| + \P6,w\ - VP2,2P8,8 " VP2,2/312,12 - Vf'2,2Pl4,14) ^ (p4,4 + P6,6 + PlO,lo)- 

For the bound in Eq. 0, let us fix \vi) = |0011), jwa) = |0101), jua) = |0110), and |w4) = |1010). Let Ki = 
{^2), \V3), |«4)}, i^2 = {l^^i), ^3)}, K3 = {|i;i), |«2), \V4)}, and - {|fi), |«3)} (s - 3). Then 2(|p4,6| + |p4,7| + |p4,ii| + 

\P6M + \P7,ll\-y/P2,2PS,S-y/Pa,SP5,5-^P3,3P5,5-y/P3,3Pl2,12~y/P3,3Pl5A5)-'2{P4.A + P6,6 + P7.7 + Pll,ll) < %/6-Cgm_e(p)- 

Example V.2 Let us consider a two-parameter four-qubit state given by a mixture of the identity matrix, the W 
state, and the anti-VF state: 

P=^—^l32 + a\W){W\+b\W){W\ (9) 

with \W) = ^(100001) + 100010) + |00100) + |01000) + |10000)) and \W) = ^(|11110) + |11101) + |11011) + |10111) + 

lOllll)). Fig. ^ iUustrates the GME area detected by the Bound 1 (Section ITO^ and Eq. (Ill) in [13], respectively. 
The area detected by the former is visibly larger. 
Our Bound 1 is as follows: 



AV2CgMe{p) >2(|P2,3| + |P2,5| + |P2,9| + \P2S7\ + \P3,b\ + IPS.oI + |P3,17| + |P5,9| 



|P5,17| + |P9,17| 



- VP1-1P4,4 - y/PlJp&fi- y/PlIPWAa- VP1,1P18,18 - ^Pl, 1/37,7 

- y/PlAPllJl — \/Pl,lPl9,19 ^ \/Pl,lPl3S3 ~ \/ P\,\P2\,2\ ~ y/Pl,lP25,25) 

- 3(p2,2 + P3,3 + P5,5 + P9,9 + P1747); 

4:V2CgMe{p) >2(|pi6,24| + |P16,28| + |Pl6,3o| + |pi6,3l| + |P24,28| + |P24,3o| + |P24,3l| + |P28,3o| + |P28,3l| + |P30,3l| 

— \/P32,32P8,8 — \//'32, 32^12,12 — -\/P32,32Pl4,14 ^ -\/P32,32Pl5, 15 — \//'32, 32^20,20 

— V/'32,32P22,22 " \/^'32, 32^23, 23 — ^32, 32^26, 26 ~ \/P32, 32^27, 27 " \/P32, 32^29, 29 ) 

— 3(pi6,16 + P24,24 + P28,28 + P30,30 + P31,3l)- 

The above two equations give bounds to Cgme{p)- From these, we get ^'^b+^a-'35 ^ 4V^Cgm£;(p) and 
^'^'^+^^^-35 <- 4-/2C'gm£; (p) , respectively. The entanglement area above the lowest line is obtained by tak- 
•j^g 67b+35a-35 > Q Or e7a+35^b-35 > g. The entanglement area is the union set of {(a, &)|^^^^±||i^ > 0} and 
{(a^6)|6Z£±|5&zJ5 > 0} . The bound of Eq. (Ill) in [l| gives instead 

4V2CgMe{p) >2(|P2,3| + |P2,5| + |P2,9| + |P2,17| + |P3,5| + |P3,9| + |P3,17| + |P5,9| + |P5,17| + |P9,17|) 

- 3(2^pi4P4,4 + 2^pi4P6,6 + 2^pi,iPio,10 + 2^pi4Pl8,18 

+ 2^pi4P7,7 + 2^pi4pii4i + 2^pi4pi949 + 2y/pTJpi3j3 

+ 2VP1,1P21,21 + 2^pi,ip25,25 + P2,2 + P3,3 + P5,5 + P9,9 + Pl7,17); 
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4:V2Cgme{p) >2(|pi6,24| + |P16,28| + |Pl6,3o| + |Pl6,3l| + |p24,28| + |P24,3o| + |P24,3l| + |P28,3o| + |P28,3l| + |P30,3l|) 
— 3(2-^P32,32P8,8 + 2-^P32,32Pl2,12 + 2^P32,32Pl444 + 2^p32,32Pl545 
+ 2-yp32,32P20,20 + 2^P32,32P22,22 + 2^P32,32P23,23 + 2^P32,32P26,26 
+ 2^P32,32P27,27 + 2iyp32,32P29,29 + Pl6,16 + P24,24 + P28,28 + P30,30 + P31,3l)- 



b 

1.0k 



0.8 




FIG. 1: The entanglement area of the density matrix p in Eq. |9]detected by Bound 1. The area is above the lowest line. The 
area detected by Eq. (Ill) in 13] is above the middle line. 

From these equations, we have '^^°-+'^07b-75 75b+i07a-75 ^ respectively. The entanglement area above the middle 

line IS obtained by 75a+mfc-75 > q or ^5b+imb-75 > q. 

Example V.3 Let us consider the one-parameter four-qubit state p = ^^^IiQ + a\(f>){(l)\, with 10) = i(|0011) + |0101)-|- 
|0110) + |1010)). Bound 3, Eq. Q) gives the bound 2(|p4^6| + |p4,ii| - ^P2,2Psfi - V^'3,3Pi2,i2) - (p4,4 + P6,6 + Pii,ii)- 
This shows that GME area is a > On the other hand, by making use of a criterion in 15] or our Eq. ([6]), we can 
find that there is GME for a > ^. 

In the following examples, the method in [l^ and Eq. (Ill) in [l^ can not detect entanglement at all. 

Example V.4 Let us consider the one-parameter three-qutrit state p — ^^hr + with \(j>) = ^(|012) + 

|021) -I- |111)). Bound 1, Eq. ([5]) indicates that there is GME for any a > i. Also, to give a four-qubit example, let 
p = ^/i6 + CL\(t>){(j)\, with = i(|0000) + |1100) + |1001) + |1010)). Our resuh detects GME for a > |. 

Example V.5 Let us consider the one-parameter four-qubit state p ~ T^Ae + with = --i=(|0000) -I- 

|1100) + |1001) + |1010) + |0110)). By applying Eq. we can see that the GME area is a > |f = 0.60976. However, 
Eq. © (Bound 3) detects GME for a > |f = 0.7377. 

Example V.6 Let us consider the one-parameter four-qubits state p = T^A6+a|0oii2)('/'oii2li 1^0112) — ^l"'^^*^^^"'' 
|0110) + |1001) + |0101) + |1010) + |0011)). The density matrix p is a mixture of white noise and the Dicke state 
By applying Bound 2 given in Eq. ©, a > ^. 

VI. CONCLUSIONS 

We have studied genuine multipartite entanglement of quantum states. We have given an alternative definition of 
pure state GME-concurrence based on the expectation value of an observable with respect to a two-fold copy of the 
state under consideration. This definition has the advantage of being physical accessible {e.g., with the use of twin 
photons [13, [3)- We have then proposed several analytical lower bounds for GME-concurrence. Such bounds are 
also given as expectation values of some observable. On the basis of the bounds, we have obtained entanglement 
criteria that can be used to detect GME for states of generic dimension. We have reported examples in which the 
criteria perform better than the previously known methods. 

Note added. Recently, we became aware of Ref.[l^, where the authors also derive similar results. 
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Appendix A: Proof of Bound 2: details 



1|234 

L2I = 2(|p6,13| + |P7,13| - a/P5,5P14,14 - ./PblPlblE) ■, ^22 = (2|p6,7| " 2^P5, 5^8,8 " \P&fi\ " |P7,7|), 

^23 = |Pl3,13| , ^31 = 2(|p4,ll| + |P7,ll| ^ ^/P^IPvTvi - ^^3,3/315,15), 

-^32 = (2|P4,7| - 2^p3^3p8,8 - |P4,4| - |P7,7|) , -Z^33 = IPll.llI, 

^41 = 2(|p4,lol + |P6,lol - ^P2,2Pl2,12 " ^P2^2Pl4~T4 ) , 

L42 = (2|p4,6| - 2^P2,2P8,8 - |P4,4| - |P6,6|) , -^43 = |PlO,lo|- 

2|134 

Lll = 2(|pio,ll| + |P11,13| - VP9,9P12,12 - v'P9,9Pl5,15), 

L12 — (2|pio,l3| — 2.yp9,9Pl4,14 — |PlO,lo| — |Pl3,13|) , -^13 = |Pll,ll|, 

L3I = 2(|p4,7| + |p7,ll| - ^^3,3/08, 8 " V/^3,3Pl5,15), 

^32 = (2|p4,ll| - 2^p3,3pi2,l2 - |p4,4| - |pil,ll|), ^33 = |P7,7|, 

L4I = 2(|p4^6l + |P6,lol - VP2, 2^8,8 - ^^2,2/514,14), 

-^42 = (2|P4,10| - 2^P2,2Pl2,12 ^ |P4,4| - |PlO,lo|), ^43 = |P6,6|- 

3|124 

Lll = 2(|pio,l3| + IPll.lsl - V/^9,9Pl4,14 - ^P9,9Pl5,15), 

il2 = (2|pio,ll| - 2^P9,9Pi2,l2 - |piO,lo| - |Pll,ll|) , -^13 = |Pl3,13| , 

^21 = 2(|p6,7| + |P7,13| - V/'5,5P8,8 ~ ^/ Pb ,5 PlZ ,15) , 

L22 = (2|p6,13| - 2^p5,5Pi4,i4 - |p6,6| " |Pl3,13|) , -^23 = |P7,7|, 

Z/41 = 2(|p4^6| + |P4,lo| - V°2,2P8,8 " P2.2Pl2,l2) ^ 

L42 = (2|p6,lo| - 2^P2, 2/314, 14 - 1/06, el - |/3lO,lo|), -^43 = |P4,4|- 
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4|123 

Lu = 2(|pio,i3| + Iph.IsI — v'^9,9Pl4,14 — ^P9,9Pl5,15)j 

-£'12 = (2|pi0,ll| — 2^P9,9Pi2,12 — |PlO,lo| — |Pll,ll|)> ^13 = IPIS.Is], 

L2I = 2(|p6,7| + |P7,13| - ^/P5,5PS.,8 - ^/P5jPl5jE), 

L22 = (2|P6,13| - 2y'P5,5/3l4,14 " IPefil " |/3l3,13|)>-^^23 = \P7,t\, 

L3I = 2(|P4,7| + |P4,ll| - VP3,3P8,8 - V"3,3Pl2,12), 

^32 = (2|p7,ll| - 2.^P3,3P15,15 - |p7,7| - |pil,ll|), Z/33 = |P4,4|. 

12|34 

Lll = 2(|pio,l3| + Ipil.ial — -yP9,9Pl4,14 — ^P9, 9^15,15)) 

il2 = (2|pio,ll| - 2^P9,9Pi2,l2 - |P10,10| - |Pll,ll|) ,Ll3 = |Pl3,13|, 

L2I = 2(|p6,7| + \P7,13\ - V/'5,5P8,8 " VPS.SPlS.ls); 

-C'22 = (2|P6,13| - 2^^^5,5/314,14 - |P6,6| " |Pl3,13|) ,-^23 = |P7,7|, 

L3I = 2(|p4,7| + |P7,ll| - ^/P3JP8^- P3,3Pl5,lb) . 

L32 = (2|p4,ll| - 2^P3,3Pi2,12 - |P4,4| - |Pll,ll|) ,-^33 = |P7,7|, 

Z/41 = 2(|p4,6| + |P6,10| - v'P2,2P8,8 - ^ P2,2pl2,l2) , 

L42 = (2|p4,lo| — 2^p2,2Pl4,14 — |P4,4| — |piO,lo|) j-t'43 = |P6,6|- 

13|24 

ill = 2(|pio,ll| + |pil,13| - v'/'9,9Pl2,12 - ^^9,9^15, 15), 

-^12 = (2|pio,13| - 2^P9,9/914,14 - |piO,lo| " |pi3,13|),-t'13 = |Pll,ll|, 

^21 = 2(|p6,7| + |P6,13| - ^/PbJPS^ - ^/PbJpTiJi): 

L22 = (2|P7,13| - 2^P5,5P15,15 - |P7,7| - |Pl3,13 I) ,-^23 = |P6,6|, 

-^31 = 2(1/94,11 1 + 1/57,11 1 - V^'3,3Pl2,12 - ^^3,3^15,15), 

-^32 = (2|p4,7| - 2^p3,3p8,8 ^ |P4,4| - |P7,7|),-Z^33 = |Pll,ll|, 

^41 = 2(|p4,6| + |P6,10| - ^P2,2PS.,% - ^^2,2/912,12), 

-^42 = (2|p4,io| — 2^p2,2Pl4,14 — |P4,4| — |piO,10 |),-^43 = |P6,6|- 

14|23 

-£'11 = 2(|pio,ii| + |pi0,13| — ^P9,9Pl2,12 — v'/09,9Pl4,14), 

L12 = (2|pii,i3| — 2^p9^9Pi545 — |pil,ll| — |pi3,13|);-£'13 = IPIO.IoI, 

-£'21 = 2(|p6,7| + |P7,13| - ^/WlPSfi. - VPs, 5/515, 15), 

£^22 = (2|P6,13| - 2^^5,5/014,14 - |P6,6| - |pi3,13|),-^^23 = \pi 

L3I = 2(|p4,7| + |P7,ll| - V°3,3/98,8 - ^/P3,3Pl5,15), 

L32 = (2|p4,ll| - 2VP3,3Pl2,12 - \PiA\ - |Pll,ll|),-^33 = |P7,7|, 

L4I = 2(|p4,io| + |P6,10| - ^^2,2^14,14 - ^^2, 2/912,12), 

-£'42 = (2|P4,6| - 2VP2,2P8,8 - |P4,4| - |P6,6|),-£^43 = |PlO,lo|- 
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Appendix B: Proof of Bound 3: details 

1. C7i(p) 



r(p,x) = |(xi|p|x2)l- 


\/(xi|« 


(X2|ni2p®2ni2|xi) € 


5|X2) + |(Xi|p|X3)|- 


\/(xi|« 


(xsinisp^^niaixi)-? 


5 1X3) 


+ l(xi|p|X4)|- 


\/(xi|<^ 




' 1X4) + l(X2|p|Xl)l - 


\/(X2| <^ 


(Xl|ni2/9®2ni2|x2)(8 


'Ixi) 


+ l(X2|p|X3)|- 




(X3|n23/9®2n23|x2)(8 


' 1X3) + l(X3|p|Xl)l - 


V(X3|'» 


(xi|ni3P®2ni3|x3)« 


'Ixi) 


+ l(X3|p|X2)|- 


\/(X3| <^ 


(X2|n23P®2n23|X3)« 


' 1X2) + l(X3|p|X4)| - 


V(X3|(» 


(X4|n34P®2n34|x3)« 


' 1X4) 


+ l(X4|p|xi)|- 


\/(X4| <^ 


(xi|ni4/9«2ni^l^4)^ 


' IXl) + l(X4|p|X3)| - 


V(X4| ® 


(X3|n34P^2n34|^4) ,g 


' 1X3)) 


= 2(|(X1HX2)| 


-v/(xil 


'»(x2|ni2P^2n^2l^^) 


'»IX2) + |(Xl|/0|X3)| 


- V(Xi| 


(x3|ni3P«2n^3l^^) 


® 1X3 



+ \{Xl\p\Xi)\ - v/(Xl| (X4|ni4P®2ni4|xi) ® 1X4) + KX2|p|X3)| - V'(X2| O (X3|n23/C®2n23|x2) 1X3) 



+ l(X3|p|X4)| - v/(X3| ® (X4|n34/5»2n34|;^3) j^^) 

= 2(|0ooii'?^'oioi| - |</'oooi'?!'oiii| + [(Aooii^oiiol - IfAooio^iiiol + I'^ooii'/'ioiol - |'/>ooio'/'ioii| + |0oiio9ioioi| 
- |0oioo?!'oiii| + |<^oiio?!'ioio| - |'^ooio';^iiio|) - 2(|<?f)ooiiP + |?!'oioiP + |?!'oiio|^ + |<?i'ioio|^) 
<^V2-Cgme{p)\ 

X = |(X1|P|X4)| - V(Xl| ® (X4|ni4P®2ni4|Xl) 1X4) + KX3|p|X4)| - V(X3| ® (X4|n34P®2n34|X3) 1X4) 

+ Kx4|p|xi)l - V(X4| (xi|ni4P®2ni4|x4) Ixi) + Kx4|pIx3)I - V(x4| (x3|n34P®2n34|x4) Ixs) 

= 2(|(5!)ooii</'ioio| - |</'ioii</'ooio| + l^oiio^ioiol - |'/>iiio'/>ooio|) 

< 2(|0OO11</'1O1O - <t>wii<t>OQw\ + |'/>0110'/>1010 - '/>iiio'/>ooio|) 

< 3v^Ci(p); 



r=|(xi|p|X2)|- 


V(xiN 


3 (x2|ni2P«52ni2|;^i) ( 


1x2) - 


f|(xi|p|X3)|- 


V(xih 


3(x3|ni3P«2ni3|^i)( 


3 1X3) 


+ |(X2|p|xi)|- 


\/(X2| $ 


5(xi|ni2P^2ni2|x2)$ 


5 Ixi) H 


- l(X2|p|X3)| - 


V(X2U 


5(X3|n23P®2n23|X2)S 


5 1X3) 


+ l(X3|p|Xi)|- 


V(X3K 


5(xi|ni3P®2n^3|x3)<s 


5|xi)H 


- l(X3|p|X2)| - 


\/(X3| <S 


5(X2|n23P®2n23|X3)<5 


5 1X2) 



= 2(|0ooii?!'oioi| - |<?^oooi'^oiii| + |<?f>ooii'?^oiio| - |<;^ooio<^oiii| + |?!'oiio?!'oioi| - |?^oioo?!'oiii|) 
- 2(|.?!)ooii|^ + |<^oioi|^ + l^i-oiiol^ + l-Z-ioiol^) 

< 2(|0ooii?!'oioi| + |<?^ooii<?^oiio| + |<^oiio<?^oioi|) - 2(|(^ooii| +|';^oioi| +|?!'oiio| + |<^ioio| ) 

< 0. 

2. Ci2(p) 

X = Kxi|p|x2)| - V(xi|® (X2|ni2p®2ni2|xi)«'lx2) + KxiIpIxs)! - V(xi| (xsinisp^^nisixi) Ixs) 
+ Kxi|p|x4)| - V(xi| (x4|ni4P®2ni4|xi) 1x4) + Kx2|pIxi)I - \/(x2| (xi|ni2P®2ni2|x2) ® |xi) 
+ Kx3|p|xi)l - V(X3| (xi|ni3P®2ni3|x3) Ixi) + Kx4|pIxi)I - \/(x4| (xi|ni4P®2ni4|x4) Ixi) 

= 2(|0ooii^oioi| - l^oooi^oiiil + |'/>ooii'/>oiio| - |'/'ooio'?!>oiii| + |^ooii'/>ioio| - l^ioii^ooiol) 

< 2(|(/)ooii</'oioi — ^!'oooi?5'oiii| + I'/'ooii'/'oiio — '/'ooio'/'oiiil + l^^'ooii^^'ioio — 4>wl'^4>oow\) 

< 3V2Ci2(p); 
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y = l(X2|p|X3)| - V{X2\ ® (X3|n23P®2n23|x2) «> IXs) + l(X3|p|X2)| " ^(Xsl ® (X2 |n23P»2n23 j^g) ^ |;^2) 

+ l(X3|p|X4)| - ViXzl ® (X4|n34P®2n34|X3) 1X4) + l(X4|p|X3)| - V(X4| ® (X3|n34p®2n34|X4) ® IXs) 
= 2(|(/)oiio</>010l| - I'/'OlOO'/'OlllI + |'/'oiio0ioio| - |'/>iiio'/>ooio|) 
- 2(|<?!)ooiiP + |</)oioiP + l^oiioP + \4>ioio\^) 

< 2 (I (/)oi 10 00101 1 + |'?5'oiio'^ioio|) - 2(|(/)ooiiP + l^oioiP + |'/>oiioP + l^ioioP) 

< 0. 



